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ABSTRACT 
In this note we obtain by purely geometric means that for convex cocompact Kleinian groups the 
exponent of convergence is bounded from above by an expression which depends mainly on the 
diameter of the convex core of the associated infinite-volume hyperbolic manifold. This result is 
derived via refinements of Sullivan’s shadow lemma and of estimates for the growth of the orbital 
counting function and Poincare series. We finally obtain spectral and fractal implications, such as 
lower bounds for the bottom of the spectrum of the Laplacian on these manifolds, and upper 
bounds for the decay of the area of neighbourhoods of the associated limit sets. 
1. INTRODUCTION 
This note presents a study of the lacunarity of limit sets of convex cocompact 
Kleinian groups acting on hyperbolic spaces. We derive some deeper insight 
into the geometric nature of the principle that if a geometrically finite complex 
dynamical system is deformed such that it approaches an element on the 
boundary of the relevant parameter-space which is not a cusp (i.e. not geome- 
trically finite), then the complexity of the associated attractors (i.e. limit sets) 
increases dramatically, in the sense that their Hausdorff dimensions tend to the 
topological dimension of the smallest surrounding Euclidean space (see e.g. 
[3,6, 13, 27, 321). 
In order to state the results, recall that to each convex cocompact Kleinian 
group G acting on hyperbolic (N + I)-space DNfl we can associate a certain 
parameter S = S(G), called the exponent of convergence of G. It is well-known 
that S is equal to the Hausdorff dimension of the limit set L(G). In general, S 
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represents the Hausdorff dimension of the set of all bounded geodesic move- 
ments emanating from some point on the associated infinite-volume hyperbolic 
(N + 1)-manifold MC (in fact, the latter equality has been verified in [3] for ar- 
bitrary Kleinian groups (see also [28])). The main result of the paper is that we 
obtain by purely geometric means an upper bound for S in terms of certain in- 
trinsic parameters. More precisely, if (T denotes the hyperbolic diameter of the 
convex core of MG (i.e. the smallest convex submanifold of MG such that the 
inclusion map is a homotopy equivalence) and w the minimal inner ending 
depth of Mo (see Definition 2.1) then (Theorem 4.1) 
6 5 N - KN / eN(30+w), 
where KN > 0 denotes a universal constant which depends exclusively on N. 
This result is derived by purely geometric means and our method can be sum- 
marised briefly as follows. We give a refinement of Sullivan’s shadow lemma, by 
specifying in terms of g one of the constants occuring in this lemma (Lemma 
3.1). This then leads to ‘good’estimates from below for the growth of the orbital 
counting function (Lemma 3.2) which eventually gives, for each s > 6 and each 
element x of the convex core of MG (Lemma 3.3) 
C epsd(x,g(x)) > (2e3")pN s/(.9 - 6). 
‘FEG 
Finally, we show that our main result Theorem 4.1 has two interesting im- 
mediate implications. The first of these is a lower bound for the smallest 
eigenvalue Xa(Mo) of the Laplacian on MG. For S > N/2 we obtain the result 
(Proposition 5.1) 
xo(n/rc) > (N&r/2) / eN(30+w). 
The second implication is about the fractal nature of L(G). Namely, for the 
N-dimensional spherical area areaM(U,(L(G)) of t-neighbourhoods of L(G) we 
obtain the result (Proposition 5.2) 
lim(log areaN(u,(L(G))) / loge > KN /eN(3n+w) 
c+O 
We remark that for geometrically finite Kleinian groups for which S > N/2 a 
similar type of result has been obtained by Burger and Canary in [5] (also, note 
that in [6] a lower bound for S has been derived). Their result is in fact stronger, 
but it relies heavily on certain deep results from spectral theory, and hence 
gives only limited insight into the geometric nature of this type of result. More 
precisely, since the volume of the neighbourhood of radius 1 of the convex core 
of MG is bounded from above by BNeNa, where BN is some constant depending 
only on N, it follows from Corollary A of [5], that 6 < N - CN/e2Nn (here CN is 
another positive constant). The constant C&I is likely to be much smaller than 
KN, but if 0 is large then the estimate in [5] is better. However, this type of result 
fills in an important relation in the Patterson-Sullivan correspondence between 
the geometric and conformal action of a Kleinian group, and we hope that the 
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reader may find it helpful to see how it can be derived, different from [5], in an 
elementary, purely geometric way. 
Remarks (1). The geometric method presented suggests that (T can be used as a 
rough measure for the degree of lacunarity’ of L(G), in the sense that if we de- 
form G such that 0 increases, then the lacunarity of the limit set decreases. 
(2) It should certainly be possible to extend the geometric analysis in this 
paper also to geometrically finite groups with parabolic elements. This could be 
achieved by refining in [30] the ‘Dirichlet-type theorem’, the ‘global measure 
formula’ and the ‘horoball counting theorem’, specifying all the appearing 
constants there in terms of the diameter and the injective radii of the thick part 
of the convex core. 
(3) After finishing the work on this paper, we derived in [14] results for hy- 
perbolic rational maps which are analogous to the results here. 
2. PRELIMINARIES 
In this section we briefly recall the background concerning convex cocompact 
groups and Patterson measures which will be relevant in the sequel. 
Convex cocompact Kleinian groups. For N = 1,2,. ., consider the Poincare 
ball-model (iED , ) IV+’ d of the (N + 1)-dimensional hyperbolic space with visible 
boundary SN. We assume that the reader is familiar with the hyperbolic geo- 
metry in this model (see e.g. [2]). Let Con(N) denote the group of (orientation 
preserving) isometries of (D N+ ’ d , ). Throughout we shall mainly be concerned 
with Kleinian groups G, i.e. discrete subgoups of Con(N), which are non- 
elementary and convex cocompact. This means that G is finitely generated, has 
no abelian subgroup of finite index and no parabolic elements, and that a 
Dirichlet fundamental domain for the action of G on DN+ ’ is not compact in 
DN+’ and is bounded by finitely many faces (i.e. hyperbolic hyperplanes of 
codimension 1). We shall always assume that R(G) # 0, where Q(G) c SN de- 
notes the set of ordinary points of G, that is the set of points where G still acts 
discontinuously on SN. Also, using Selberg’s lemma ([26]), i.e. by passing (if 
necessary) to a torsion-free normal subgroup of finite index (an operation 
which does not affect the limit set), we can assume without loss of generality 
that G has no torsion. Now recall that the boundary of the associated convex 
cocompact Kleinian manifold NG = (D N+ ’ U R(G))/G decomposes into a fi- 
’ The concept of lacunarity for a fractal set (‘lucuna’latin for gap’) was introduced by Mandelbrot. 
His introduction of this concept in [I71 (p. 312) starts with the following sentence. 
'A secondskeleton rattles in the closets of most models of the distribution ofgalaxies”. Similar as for 
the concept ‘fractal’, for the concept ‘lacunarity’ there exists no rigorous definition in the literature. 
Nevertheless, roughly speaking, a fractal set 3 (given by some ‘contruction rule (CR)‘) is to be 
called lacunar if its ‘complementary gaps’ (created by means of (CX)) tend to be large, in the sense 
that if one alters the geomerical realisation of 3 (without affecting the combinatorics of (CR)) such 
that relatively the gaps get smaller, then the lacunarity of + drops. 
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nite set 2 of cocompact hyperbolic manifolds of codimension 1 (without 
punctures) . Equivalently, if F denotes the Dirichlet fundamental domain 
(based at the origin) for the action of G on D N+ ’ u 0(G), then F (the closure of 
F in [w N + ‘) intersects L?(G) in a finite set C of pairwise disjoint polygons, which 
are fundamental domains representing the manifolds in 2. Furthermore, if 
MG := DNf l/G denotes the interior of No, then MG is a infinite volume hy- 
perbolic (N + I)-manifold, and a fundamental geometric object associated to 
it, is its convex core C(MG), which is the smallest convex submanifold of Mc 
such that the inclusion map is a homotopy equivalence. More precisely, if 
H(L(G)) denotes the convex hull in DN+’ of the limit L(G) := SN \ R(G) of G, 
then C(MG) := H(L(G))/G. Throughout, we let 0 denote the hyperbolic 
diameter of C(MG). Note that ~7 is finite if and only if G is convex cocompact. 
Finally, we recall the notion of the retraction map R : (R(G) U DN’ *)\ 
H(L(G)) --f BH(L(G)), which is defined as follows (see e.g. [15]). For a point 
x E DN+’ let B(x) be the largest hyperbolic ball centred at x such that its in- 
terior is disjoint from H(L(G)). S’ mce d is strictly convex, B(x) intersects 
BH(L(G)) in a single point, and this point is R(x). Now, the Chabauty-limits of 
hyperbolic balls in D N + ’ are horoballs, hence for each < E R(G) we take the 
maximal horoball H(t) centred at 5 whose interior is disjoint from H(L(G)). 
Then R(t) is the point of intersection of dH(L(G)) and H(t). 
Definition 2.1. Let G be a convex cocompact Kleinian group, and let Si be the 
component of R(G) which covers the i-th component Ci of C. Choose Ai to be 
an Euclidean disc which embeds in C, and which minimises the distance 
d(Ai, BH(L(G))), where Ai denotes the convex hull of Ai in DN”. Then let wi be 
this minimum. We shall refer to wi as to the inner depth of the end corresponding 
to Si, and to w := mini,i,...,n{wi} as to the minimal inner ending depth Of No. 
Remarks (1). For N = 1, i.e. if G is a non-elementary convex cocompact 
Fuchsian group, we remark that the boundary of No decomposes into a finite 
set of loops, and F, the closure of the fundamental domain of G, intersects S’ in 
a finite set C of pairwise disjoint intervals. The images of C under R are the 
boundary geodesics “ii, i.e. the loops in MG where the ‘funnels’ are attached to 
the compact convex core. If I, denotes the hyperbolic length of yi, then a routine 
calculation in hyperbolic geometry gives that sinhwi sinh(li/2) = 1. 
(2) For N = 2, i.e. if G is a non-elemetary convex cocompact ‘classical’ Klei- 
nian group, we remark that H(L(G)) is the union of ideal tetrahedra in D” with 
endpoints in L(G). Hence, the boundary dH(L(G)) is made of geodesics and 
totally geodesic ideal triagles. By a result of Thurston ([35], [ll], [15]), we have 
that ~C(MG) is a set C’ of cocompact Riemann surfaces (where one uses the 
natural path metric induced by the length of geodesic segments in BC(MG)). 
The elements in C* are ‘crumpled surfaces’ (i.e. images of pleated surfaces) 
which correspond to the elements in C. We briefly mention that in order to in- 
terpret the inner ending depths wi in terms of aC(Mo), one can use a theorem of 
Sullivan (see [ll]) which states that on the components of L?(G) the retraction 
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map is a K-bilipschitz map onto dH(L(G). (In general the constant K depends 
on the group, and it seems as if so far this dependence has not been explicitly 
specified in the literature (the interested reader may find the discussions in [ll], 
[7] and [18] helpful)). 
The Patterson measure. Let p denote the Patterson measure supported on the 
limit set L(G). We shall assume that ~1 is constructed with respect to the base 
point 0 E DN+‘. More precisely, recall that to G we can associate its exponent 
of convergence S = 6(G), which is defined as the exponent of convergence of the 
Poincare series 
for some arbitrary y E DN+‘. (For arbitrary non-elementary Kleinian groups 
we have S > 0 (cf. [l]), and in the geometrically finite case we have S < N (cf. 
[31], [3612)). Now, for some sequence of positve numbers Ek tending to zero (and 
given that the Poincare series diverges for s = S (otherwise, a slowly varying 
function has to be introduced which then forces this divergence ([21])), p is the 
weak limit of the sequence of measures 
c 
,& := 
gEGe 
-(6+ wKw))~g(0) 
c ’ 
where S, denotes the Dirac measure at x E DNf ‘. 
One of the most important properties of the Patterson measure is its S-con- 
formality, that is for arbitrary Bore1 sets E c SN and for every g E G we have 
that 
For a non-elementary convex cocompact group G the Patterson measure has 
been analysed extremely well (see e.g. [20], [22], [31], [33]). For instance, then p 
is equivalent to the &dimensional Hausdorff measure on L(G). This result is an 
immediate consequence of the fact that C(MG) is a compact subset of ED N+‘, 
combined with Sullivan’s shadow lemma (cf. [31]), which in its original form 
states that there exist constants c, K > 0 such that for each g E G with d(0, g(0)) 
sufficiently large, we have that 
cpl e-6d(o,g(0)) 5 p(IT(B(g(O), K.))) < C ep6d(og(0)). 
Here, B(z, p) denotes the hyperbolic ball of radius p centred z, and II the ‘sha- 
dow projection from the origin’, which is given for arbitrary E c DN” by 
* Note that very recently the techniques of [36] were used in [19] to derive 6 < N also for a certain 
class of infinitely generated Kleinian groups. 
273 
17(E):={~~SN:SEnE#0}, h w ere se denotes the hyperbolic ray in DN+’ 
from 0 to < E SN. 
3. REFINED SHADOWING AND COUNTING, AND A LOWER ESTIMATE FOR THE 
POINCARi SERIES 
In this paragraph we derive three lemmata. The first lemma gives a refinement 
of Sullivan shadow lemma for arbitrary Kleinian groups. Using this refine- 
ment, we then obtain for convex cocompact Kleinian groups a lower bound for 
the orbital counting function, which consequently leads to an estimate from 
below for the growth of the Poincare series. We remark that ‘rough versions’ of 
these lemmata are well-known (cf. [31], [22], [20]; e.g. for Lemma 3.1 see [22] 
(page 292), and for Lemma 3.2 and 3.3 see [22] (Theorem 5)). New in our 
statements here is that we have specified the constants occuring in these lem- 
mata, in particular their dependence on the diameter 0 of the convex core. 
Lemma 3.1. Let G < Con(N) be an arbitrary non-elementary Kleinian group and 
let p > 0. For each g E G such that d(0, g(0)) > p, we have that 
,u(II(B(g(O), p))) 5 (4 cosh(p/2))N e-hd(O,g(0)). 
Proof. Let z E D N-t1 such that d(0, z) > p. An elementary Euclidean argument 
gives that if < E I;r(B(z, p), then 
I,7 - <I Iz + <I < (1 - 1~1~) cash p. 
Now, consider the hyperbolic halfspace which contains z and which is bounded 
by the hyperplane through 0 orthogonal to the ‘vector’ z. Let H denote the in- 
tersection of SN with the boundary of this halfspace. Clearly, we have that 
< E H, which implies that Iz + <I > J( 1 + tanh2(p/2)). Hence, it follows that 
cash p 
I’ - ” < J( 1 + tanh2(p/2)) 
(1 - 1~1~) = cosh(p/2) (1 - 1~1~). 
Using this observation, we now have, for g E G with d(O,g(O)) > p, that 
2 (cosh(p/W” S (1 - IdOf-” 
fl(Gm.P)) 
2 cosh(p/2)p” (1- ls(0)12)-” /4W%dO), PI)). 
Since 6 5 N, we have that (1 - lg(0)12)” I (1 + lg(0)l)2” (w )* I 4N e-bd(o,g(o)). 
Combining this with the estimate above, the lemma follows. 0 
Lemma 3.2. Let G < Con(N) be a non-elementary convex cocompact Kleinian 
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group. For each x E c(A4~) and t 2 0, we have for the orbital counting function 
NT(G) := card {g E G : d(x,g(x)) < t}, that 
N:(G) 2 cN.g e6', 
where CN.n := min{eP3Nu; (4e2”cosh(a/2)))N} 
Proof. Without loss of generality we can assume that x = 0. For ease of nota- 
tion, let N,(G) := fl(G). For t > 3a, define A, := {g E G : t - 2a < d(O,g(O)) 
< t}. Since C(Mo) c D N+l is compact, it follows that SF c U,, G B(g(O), c) for 
each < E L(G). This implies that {I;I(B(g(O), 0)) : g E d,} is a covering of L(G). 
Hence, using Lemma 3.1, we have that 
1 = P(&JA ~(%T(O)~ u))) 5 & PL(~(%m~ g))) 
5 (4 cosh(c,2))” ggA e?(',g(')) 5 (4cosh(a/2))N e-('-2q)6 card At 
5 (4e2ucosh(u/2))N &N,(G). 
For 0 5 t < 3a, we note that 
N,(G) > 1 = ep306 e3u* > e-3No e6'. 
Combining these two observations, the lemma follows. 0 
Lemma 3.3. Let G < Con(N) be a non-elementary convex cocompact Kleinian 
group. For each 6 > 0 and x E C(MG) we have that 
Proof. As in the proof of Lemma 3.2, assume that x = 0. Using Lemma 3.2, it 
follows that 
ce -(6-t ~bvd0)) = 1’ 
gtG 
TFm NdG)e- ( c6+<lT+ (6 + 6): e-(6f’)‘N,(G)dt 0 
= CN,, (6 + 6)/t. 0 
4,ANUPPERBOUNDFORTHEEXPONENTOFCONVERGENCE 
In this section we obtain the main result of this paper, namely for a convex co- 
compact Kleinian group we derive an upper bound for its exponent of con- 
vergence. 
Theorem 4.1. Let G < Con(N) be a non-elementary convex cocompact Kleinian 
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group with associated minimal inner ending depth w. 
vergence 6 of G we have that 
S<N-KNe -N(3u+ d) > 
where KN := N 2PN (47r) “2-N T((N + 2)/2)/T((N + 
Gamma-function). 
For the exponent of con- 
1)/2) (here, r denotes the 
Proof. Consider the i-th element of C, which by definition corresponds to an 
end of inner depth wi. Let ni be a point on Ai which is closest to dH(L(G)), and 
normalise so that 0 = R(ni). For g E G, we shall now first give a lower bound 
for the N-dimensional spherical Lebesque measure (Xi) of A(g) := g(Ai). By 
the triangle inequality we have that 
e-QM7J) > ePW,g(W e-~MO),g(~J) = e-@MW epW 
Furthermore, if dg denotes the hyperbolic distance from 0 to the convex hull of 
A(g) in D N+ ‘, then we immediately have that e -do > ePd(O.g(ql)). Thus, an ele- 
mentary calculation gives that Xk(A(g)) > (47reN VN e-Ndf, where VN denotes 
the volume of the unit ball in [WN. Summarising these estimates, it follows that 
Xk(A(g)) 2 (47reN VN ePNwf e-Nd(o’g(o)). 
Since {A(g) : g E G} is a family of pairwise disjoint discs in SN, this latter es- 
timate and Lemma 3.3 (applied for E = N - 6) imply that, with ON+ 1 denoting 
the area of the unit sphere in [w Nf’, 
%‘+I = %(Q(G)) 2 gFG XX&)) 
> (4+’ vN e-N~, c e W’MO)) 
REG 
> CN,, (4~)~~ VN e-Nw’ N/(N - 6). 
Using the facts L)N = 7rNi2/r(N/2 + 1) and (3N+t = 27r(N+1)/2/r((N + 1)/2), 
and noting that for the constant C N,o of Lemma 3.2 we have that 
CN,, 2 2-N e-3Nu, it then follows that 
6 5 N - KN e-3No eeNwz, 
where we have set KN := N 2PN (47r)‘/2PN F[[EI:i’$ Clearly, this estimate is 
optimal for wi = w. Hence, choosing i such that the correspoding end has inner 
depth w, the theorem follows. 0 
By ‘Remark 1’ in section 2, Theorem 4.1 has the following immediate implica- 
tion. 
Corollary 4.2. If G < Con( 1) is a convex cocompact Fuchsian group, then we have 
for its exponent of convergence S that 
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’ ’ ’ - & m:x sinh(Zi/2) 1 + cosh(l./2) ’ I 
5. SOME SPECTRAL AND FRACTAL CONSEQUENCES 
5.1. The bottom of the spectrum of the Laplacian 
The result in Theorem 4.1 immediately gives rise to a lower bound for the bot- 
tom X0 of the spectrum of the Laplace operator (-A) on the associated infinite 
volume, convex cocompact, hyperbolic (N + I)-manifold MC. We remark that 
in the literature there are numerous publications dealing with various aspects 
concerning X0 (see e.g. [4, 5, 6, 9, 10, 16, 23, 24, 251). 
Recall the following well-known results from spectral theory for Kleinian 
groups. Lax and Phillips ([16]) have shown for a non-elementary geometrically 
finite Kleinian group in Can(2) that the spectrum of (-A) is continuous in 
[l, 03), and that on [0, 1) it consists exclusively of finitely many eigenvalues, 
which are positive and of finite multiplicity. The smallest of these latter eigen- 
values is refered to as the bottom of the spectrum of the Laplacian and it is 
denoted by &(MG). 
More precisely, for a geometrically finite Kleinian group in Con(N) define 
&(MG) := sup{-X : Acp = Xv for some positive cp E Cm(MC)}. 
By work of Patterson [21] and Sullivan [31,34], we have that 
xO(MG) = 
N2/4 if S < N/2 
S(N - S) if S > N/2. 
Hence, combining this result and Theorem 4.1, we derive the following state- 
ment, which represents a typically weaker form of the main result of [5]. 
Proposition 5.1. For the hyperbolic manifold MG associated to a non-elementary 
convex cocompact Kleinian group G < Con(N) for which 6 > N/2, we have that 
NKh’ -N(3u+w) 
Ao(Mc) > y-- e 
5.2. The limit set in the spirit of Minkowski 
Also, as will be seen in this paragraph, Theorem 4.1 gives rise immediately to an 
upper bound for the e-asymptotic of the volume of the c-neighbourhood of the 
limit set of a convex cocompact Kleinian group. 
Recall that for a subset A c [w” the e-parallel body U,(A) of A is given by 
U,(A) := {x E [w” : Ix - aI 2 E for some a E A}. 
Furthermore, recall that if N,(A) denotes the smallest number of sets of dia- 
meter at most E that cover A, then the box-counting dimension dim&A) of A is 
given by (if the limit exists) 
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dime(A) = lim 
logX(A) 
f+O -loge . 
It turns out that the n-dimensional Euclidean volume (vo&) of the t-parallel 
body and the box-counting dimension are two closely related concepts. 
Namely, we have the following well-known result (see e.g. [12]). 
dimB(A) = n - lim 
log r&(&(A)) 
c-o loge 
Hence, combining this general fact from fractal geometry and Theorem 4.1, we 
obtain the following result. 
Proposition 5.2. Let G < Con(N) be a non-elementary convex cocompact Klei- 
nian group. For the spherical volume X>(U,(L(G)) of the c-parallel body of the 
limit set L(G) we have that 
lim log ‘~(“(L(G)) > KN ~-N(~~+uI) 
E+O loge 
Proof. Using Frostman’s lemma (see e.g. [12]) and Lemma 2 of [29], Sullivan’s 
shadow lemma immediately implies that the Hausdorff dimension and the box- 
counting dimension of L(G) coincide and are equal to the exponent of con- 
vergence 6 (note that equality of these three parameters has been verified also in 
the more general case of a geometrically finite Kleinian group ([29], [3])). 
Hence, combining Theorem 4.1 and the afore-mentioned general result from 
fractal geometry, the statement follows. 0 
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